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Abstract. Solutions to the twisted Yang-Baxter equation arising from intertwin- 



ers for cyclic representations of U q (sl n ) are described via two coupled the lattice 
current algebras. 



Introduction 



o 

q ■ In this note I describe a few solutions to the twisted (generalized) Yang- 

Baxter equation 

S{q,r)S(p,r)S(p, q) = g(p, q, r)S(p, q)S(p, r)S(q, r) . 

Recently, such an equation was introduced explicitly in [KS]. It was shown 
there that starting from its solution one can make a solution to the usual 
Yang-Baxter equation (cf. "box" construction), and thus a quantum inte- 
grable model (a solvable model in statistical mechanics) can be defined. An 
example of a solution for the twisted Yang-Baxter equation related to cyclic 
representations of ^(5/3) (s/3 chiral Potts model) was also given therein. 

On the other side it was shown in [DJMM] , [T] that intertwiners for 
cyclic representations of U q (sl n ) for any n give solutions to the twisted 
Yang-Baxter equation. In this paper I clear up the simple algebraic base of 
these solutions. The algebra A , which comes into being, constitutes of two 
coupled the lattice current algebras [FV] . The representation theory of this 
new algebra depends on the residue of the number of generators modulo 3 
(instead of the residue modulo 2 for the lattice current algebra). 

The paper is organized as follows. In the first section I give necessary 
definitions and formulate the basic theorem (Theorem 1.5). The represen- 
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tation theory for the algebra A is described in the second section. The 
third section contains a proof of Theorem 1.5 . 



1. Basic solution 

Let u> be a primitive iV-th root of unity and q N = (— l)^ -1 . 

Definition 1.1. An algebra A is an associative algebra with unit generated 
by elements Ji, Ji , i G Z n subject to the relations 

JiJi=LO l JiJi, Ji+1 Ji = U)Ji Ji+i , 

J%Jj JjJii J %J j JjJi /or i ^ J i I; 
JiJj = JjJi for 
J? = (-1) N - 1 , J? = (-1) N - 1 , 

J\...J n = LO 1 , J\...J n =Ul 1 . 

Let M = CP 2 ™ -1 with homogeneous coordinates a±, . . . , a n , b±, . . . , b n 
and M = CP 2n_1 with homogeneous coordinates di, . . . , d n , 61, . . . , 6 n . 
Consider a covering 



(11) ":M^M, 

p= (ai,... ,b n )^p = (af, ... ,6^). 

Let r C M be a preimage of a projective line T = CP 1 C M for this 
covering. Suppose that for any i, k 

d(a k ,b k ) d(a k ,b k+1 ) 

(Jacobians are calculated on T and the periodicity conditions a n+ i = ai , 
b n+ i = bi are assumed.) Introduce $j, $j , i = 1, . . . , n such that 

(12) djoiX) = $N^-N d(a it b i+1 ) = qNq-n 
o{a k ,b k ) d(a k ,b k+1 ) 
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Definition 1.2. Let sgZ" be subject to the inequalities si ^ . . . ^ s n , 
sq - an integer, such that sq ^ s\ , sq = s n (mod N) and p,p' £ r . Set 



ffto ' ! Kra) n n 



i=i j=i 



; w N nr n s»-s»-i , , 7/0 

J'.,J n n 



fr^ a ' N -a N b' N J AA AA $ 

Evidently, the right hand side in the above formulae do not depend on a 
choice of sq , and the first factors therein actually do not depend on % due 
to equalities (1.2). 

Definition 1.3. For any sgZ" set 

n 

J( S ) = IV S1S - Y[ W (1 - Si)si/2 J! S1 ...Jn n , 
i=l 

n 

J (a) = u SlS - Y[ J 1 -**)**/ 2 . . . . 



i=i 



Let ei, . . . , e n be the canonical base in Z n . The functions W(p,p', s) 
and W(p,p',s) enjoy the following relations 

W(p,p', s + ei) j b^ - aib'iLJ 3 *- 3 '- 1 



W(p,p',s) ^ 1 - ai+iftj+i^+i-*- 1 ' 

(1.3) ~ 

^(g^s + eQ _ - ~_! - a t fr- +1 t^ 

Wfoj/.s) 1+1 1 bi +2 a' i+1 -Oi+i^w^+i- 8 *- 1 

which define these functions for all s £ Z n . VF(p, p', s) , W(p,p', s) , J(s) , 
J(s) are invariant under the translations s i— > s + iVe^ ; further on they are 
considered as functions on Z^ . (W(p,p',s), W"(p,p',s), J(s) , J(s) are 

n 

also invariant under the translation s i— > s + ^ e i > but this property is not 
employed explicitly in the paper). 
Definition 1.4. Se^ 

SW) = J2 W(p,p',s)J(s), S(p,p') = wW,s)J(s). 
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Theorem 1.5. The following equations hold 



m« = n hN n %n • 11 



1 I - 1 I <'it>'j 

i=l i=l 



» , a ,_ a . 6 , n^r-nafCi 

5(p, = ^ n ,7 ?; • ^ ^ — > 

i=1 b l+1 a t - a t b l+1 Y\ b l+1 a[ - R a^ +1 

i=i i=i 

S(p',p")S(p,p")S(p,p') = g(p,p',p")S(p,p')S(p,p")S(p',p") 

where g(p, p', p") is a scalar factor. 
The proof is given in the last section. 

2. Representations of the algebra A 

Definition 2.1. An algebra W is an associative algebra with unit gener- 
ated by elements Z, X subject to the relations 

ZX = ujXZ, Z n = 1, X n = 1. 

Let V be a unique irreducible representation of W and ei, . . . , ejv 
its natural base: 

(2.1) Ze; = u/ei , Xej = e i+1 

where e^+i = e\ . 

Theorem 2.2. 

a) A is isomorphic to W®( n-1 ) i/n^O (mod 3) ; 

b) A is isomorphic to W^ n ~^ <g> C [Z%] if n = (mod 3) . 

Proof. In the first case the algebra A is obviously generated by elements 
Ji, Ji , z = 1, . . . , n— 1 . In the second case it is generated by J^, Ji , i = 1, 
... , n — 2 and two central elements 

n/3 n/3 
Cl = Yl J Sk-2Js k 1 _ 1 , C 2 = Yl J Sk-lJsk 

fc=l fc=l 

obeying the conditions = 1 , = 1 . Hence, it suffices to show that 
for any m < n , such that m ^ 2 (mod 3) , the subalgebra generated by 
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Jj, Ji , i = 1, . . . , m , is isomorphic to W® m . The isomorphism can be 
written explicitly on generators: 



Ji h-> qZ t _ x Zi , i-> ^i+i , z = 1 (mod 3) , 

(2.2) J 4 gX^iX" 1 , Jj i-> qZ i _ 1 Z i+1 , i = 2 (mod 3) , 

Ji >-> ^X^!^- 1 ^- 1 , Jj ^ gXiXr^ , i = (mod 3) 

where % = 1, . . . , m and 

z, = l®^" 1 ) ® z <g> l®("»-0 , X, = l®^" 1 ) ® X <g> 1®(™" 1 ) , 

Zo = 1 , Z m+ i = 1 , X m+ 2 = 1 . q 

To interpret S(p,p') and S(p,p') in terms of integrable models we are 
looking for representations of the algebra A subject to the restrictions 

a) The representation space is equal to V ® 3 for some vector space V ; 

b) Generators Jj's act as an identity operator in the third tensor factor 

c) Generators Jj's act as an identity operator in the first tensor factor 
V. 

Let us give examples of such representations for the algebra A . 

Example 1. Let v : A — > End (V) be a representation of the algebra A. 
Fix two commutative sets {Qi G End(V)}f =1 and {Qi G End(V)}f =1 . 
Then a map 

Ji >-> Qi® v{Ji) ® 1 , 

(2.3) 

Ji h-> 1 <gi z/(jj) ® 

gives a required representation of A . The most important case is v being a 
unique irreducible representation of A ( V = n 1 for n ^ (mod 3) 
and y = cN®( n 2 ^ for n = (mod 3) ). It also should be noted that the 
choice of operators Qi, Qi is essential for getting concrete matrix solutions 
to the twisted Yang-Baxter equation. 

Consider the case n = 3 in more details. Change slightly the construc- 
tion given above and introduce a homomorphism A — > W® 3 

J x ^ Z~ X X®Z®\, Ji \-> 1 <g> X" 1 <g> ZX" 1 , 

(2.4) J 2 ^1®Z _1 X®1, J 2 ^1®Z®Z _1 X, 

J 3 ^ <g> X -1 <g> 1 , J 3 ^1®Z _1 X®1. 
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(Cf. (2.2)). For the irreducible representation ft of W (cf. (2.1)) S(p,p') 
and S{p,p') are represented in End (ft <g> ft) by the following matrices 

(mi, m 2 \S(p,p')\n l , n 2 ) = w (™i-"i)H-m 1 )-m 2 (m 2 - n2 ) W(p,p', s) , 

S = (mi — 711,7712 — 72-2, 0) , 
(mi, m 2 \S(p 1 p')\n 1 , n 2 ) = ^-n^m.-m^-rmim.-n,) w(p,p', s) , 

s = (0, m 2 - n 2 , mi - n x ) . 
Another matrix solution can be obtained from a homomorphism 

Ji i-> <g> Z<g> 1 , Ji i— > 1 (g) X -1 ® g _1 , 

(2.5) J 2 v-+l® Z~ X X J 2 ^ 1 <g> X -1 ^ 1 , 

J 3 ^ ZX" 1 <g> 1, J 3 ^ 1 <g> Z~ X X <g> XZq 

(only the second column differs from (2.4)). Now S(p,p') is represented 
by the same matrix as before. But for S (p, p') we have 

(m u m 2 \S{p,p')\ni,n 2 ) = 

_ gni-mi w (m 2 -n 2 )(ni-n2)-(mi-ni)(mi-tii-l)/2 W(j),p', — s) . 

One can easily give more matrix solutions to the twisted Yang-Baxter equa- 
tion in a similar way. 

Example 2. Consider a matrix e with integer entries such that = 
1 + 5ij . ( 5ij is the Kronecker symbol). Set Uij = uj eij . 

Definition 2.3. An algebra T is an associative algebra with unit generated 
by elements F^Gi, i G Z n subject to the relations 

FiFj = FjFi , UijFiGj = Uij + iGjFi , UijGiGj = u>i + ij + iGjGi , 
F? = l, G? = l, G i = (-1) N ~ 1 fori = 2,...,n 
Fi . . . F n G n 1 . . . G x 1 = 1 . 

Lemma 2.4. There exist integers rriij , Z n such that 

- rnu - m lji+1 + m u = e t+lj i +1 - en . 

Proof. The right hand side of the equality above is antisymmetric with 
respect to permutation of i, I . Hence, one can find integers nu such that 

n 

nu - nu = e;+i,z+i - en . Set nu to obey Yl n u = °- Now m ij can be 

i=i 

certainly found from m^+i — mu = nu . □ 



Lemma 2.5. The map 

n n 

1=1 1=1 

extends to a homomorphism of algebras T \— > W®*™ -1 ) . Here 

n-l 

ci = ] J w mi - i + 1 - mil c ; " 1 1 , a = f or i = 2, . . . , n , 

i=i 

and 

z t = l®^" 1 ) ® z <g> l®^"*" 1 ) , x< = l®^" 1 ) ® x <g> i®^-*- 1 ) , 
Z n = Z 1 1 . . . Z n x 1 , X n = 1 . 

Lemma 2.6. The map 

Ji i^Gi ® G~ 1 F i ®1, J, ^ 1 <g> <g> G~ x Fi 

extends to a homomorphism of algebras A^ T . 

The last two Lemmas can be proved by direct calculations. 

Now taking a representation of the algebra W in a space V we get 
a required representation of the algebra A in V® 3 . As in the previous 
example the case of a unique irreducible representation of W is the most 
important. 

Example 3. Let us consider the special case n = 3 . 
Lemma 2.7. The map 

Ji^XZ®Z~ l ®l, J X ^\®XZ®Z 2 , 



J 2 ^ Z~ 2 ® XZ 2 q~ 1 ®1, J 2 ^l® Z ® XZ 2 q~ 1 , 



J 3 ^ X~ X Z ® X- x Z- x q ® 1 , J 3 1 ® X _1 Z- 2 (g) V 3 

extends to a homomorphism of algebras A h- > W® 3 . 

Taking a; = exp(27ri/A^) , g = — exp(— iri/N) and the irreducible repre- 
sentation of W (cf. (2.1)) we reproduce the solution to the the twisted 
Yang-Baxter equation described in [KS] up to notations (in particular 
S ,S ,uj in this paper correspond to S , S ,u~ x in [KS] ). 
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3. Proof of Theorem 1.5 

Consider again Example 2 . Let V be the irreducible representation 
(2.1) of the algebra W. Employing Theorem 2.2 one can see that the 
representation F® 3 of the algebra A is faithful. Therefore, it is enough to 
prove the equalities in this representation. In slightly different notations it 
has been done in [T]. □ 

Using explicit formulae for S(p, p') and S(p, p') one can get the following 
expressions for the factor g(p,p',p") in Theorem 1.5: 

(3.1) c,(p, P', P») = W— ' £ W ^»)W>f >*) U -M , 

^ W(p,p",s + t) 



(3.2) 



(3.3) 



s,t€Z™ 

E W r (p,p',s)W r (p',p' / ,-s)a;< s ' B > 
£ W(p,p',s)W(p',p", -s)uu( s > s ) 

E W(p,i/,s)/W(p',p",s) 

sez™ 

E Wb,p',s)/W(p',p",s) ' 

sez™ 



(3-4) Q -\p,p',p") = N-^ V g^gng^ 



where (s,t) = E Si(U+i ~ U) , t n+1 = t\ . (Cf. also (A.23) in [KS]). 

i=l 
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